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Assuming high temperature and taking subleading temperature dependence into account, the gauge depen-
dence of one-loop electron dispersion relation is investigated in massless quantum electrody@Q&m)jcst
zero chemical potential. The analysis is carried out using a general linear covariant gauge. The equation
governing the gauge dependence of the dispersion relation is obtained and used to prove that the dispersion
relation is gauge independent in the limiting case of momenta much largeethdnis also shown that the
effective mass is not influenced by the leading temperature dependence of the gauge dependent part of the
effective self-energy. As a result, the effective mass, which is of cederdoes not receive a correction of
ordere?T from one-loop, independent of the gauge parameter.

PACS numbd(s): 11.10.Wx

I. INTRODUCTION a good approximation whefi is much larger than the elec-
tron masy and the chemical potential of the background

It is well known that the dispersion relation of relativistic medium to be zero. Our calculation makes use of the real-
electrons in a material medium is markedly different fromtime formulation of SQFT.
that in vacuum, a fact which makes the study of the former The demonstration of gauge independence of the proper-
interesting and important. The required calculation is perlies of elementary particles in material medium has turned
formed within the framework of statistical quantum field Out to be of extreme importance in SQFT. In particular, the
theory(SQFT), also known as finite-temperature field theory. 9auge dependence of the gluon damping rate at one-loop was
In order to deduce the dispersion relation analytically, it is® /ong-standing problem. In Reff3], the Ward identities de-

useful to assume the temperatdFeto be high. It is then termining the gauge dependence of the gluon dispersion re-

found that while the part of the one-loop effective self- !ations were deduced and used to prove gauge independence

energy of the electrorithe effective self-energy being the in a self-consistent perturbative expansion. In Rpf$.and
-hergy S . ; . g.y g [5], it was shown that such a consistent expansion requires
field-theoretic input to the dispersion relation; see Sec. Il

leading in T goes like T? and is gauge independent, the resummation of the hard thermal loops. The use of this idea

: ’ finally led to a gauge-independent gluon damping rate to
gauge dependent part goes likeThis shows that the one- |o,ing order in the coupling constd. It will be seen that
Ioop_ dispersion relation is gauge independent to leading org,q gauge dependence identities of R8f, although dealing
der inT [1]. o with gluons, are still relevant for the case studied by us.

A somewhat similar situation occurs for the one-loop ef-  The plan of the paper is as follows. In Sec. II, the general
fective self-energy of neutrinos in material medium, which isform of the fermionic dispersion relation is discussed. In Sec.
gauge independent &(1/M{) but gauge dependent when |ji, we arrive at the expression for the one-loop effective
the O(1/My,) terms are included. However, it has beenelectron self-energy in a general linear covariant gauge. In
shown [2] that the one-loop dispersion relation following Sec. 1V, the gauge dependence equation for the one-loop
from the latter is still independent of the gauge parameterdispersion relation is obtained and the possibility of a gener-
This raises the possibility that the gauge dependence of thalization of it to all orders is mentioned. Gauge indepen-
part of the one-loop effective self-energy of the electron subdence of thek>eT limit of the one-loop dispersion relation
leading inT may also not show up in the one-loop dispersionis proved in Sec. V, while gauge independence of the one-
relation. This possibility is explored in the present paper inloop effective mass is discussed in Sec. VI. We present our
two different limiting cases. We show that this indeed hap-conclusions in Sec. VII. Appendixes A and D contain some
pens in thek>eT limit of the dispersion relation. In the details of the calculations, Appendixes B and E clarify cer-
zero-momentum limit we find that the gauge dependence ofain points, and Appendix C contains a derivation of the
the part of the effective self-energy going likedoes not formula for the effective mass.
contribute to the effective mass. This leads to the gauge in-
dependent result that the effective mass, known to be of
O(eT) to leading order ifT [1], receives nd(e?T) correc-
tion from one-loop.

We consider the electrons to be massless in vacuum In the real-time formulation of SQFT the free-field propa-
(which is true in the phase of restored chiral symmetry, andjator, the full or exact propagator and the self-energy are all

2X2 matrices[7]. The poles of the full propagator for a
massless fermion of four-momentuldt* occur at the poles
*Email address: indra@tnp.saha.ernet.in of the function

Il. GENERAL FORM OF FERMIONIC DISPERSION
RELATION
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S(K)=[K—-3(K)] (1) linear iny andf, (f, also arising only from loopswe arrive
at [8] the following two real relations from the complex
whereX (K) is related to the components of the self-energyequation(14):
matrix. Considering the analogy to the vacuum case, we shall
call 3(K) the effective self-energgf the fermion. It has the fr(wgr,k)=0 (15

general form{1] which is the dispersiondg-k) relation to this order, and

2(K)=—aK-bu 2 y

in a medium with four-velocityu*. Here a and b are 2
Lorentz-invariant functions of the two Lorentz scalars

Ifr
Jw

=fi(wr.k) (16)

(,l)*(UR

which [on using Eq.(15)] gives y as a function ok to the
w=K-u, (3 same order. When the next higher order correction is incor-

orated into Eq(15) from Eq. (14), we obtain
k=[(K.u)*~K?]"2, P | ’

. . y| of v? | *tr
o and k are the Lorentz-invariant energy and three- fR(wR,k)JFE Yo “5l 2 =0. (17
momentum, respectively, which satisfy Ol =g Jo*] _ o

K?=w?—K>. (5)  Sincef, [see Eq(10)] and hencey [see Eq(16)] are both of

ordere?, the last two terms on the LHS of El7) are of
The pole inS(K) is then given by ordere*. The one-loopdispersion relation is thus given by
Egs. (15 and(9). To study itwe need to consider only the
f(w,k)=(w-k)(1+a)+b=0. (6)  Re3 part of 3. Therefore(with the exception of Appendix

E) the subscripts in g, bgr, fg, and wg will be dropped

In proceeding from this equation, one write] henceforth and will be assumed to be understood.

.Y
w=wr—| > (7) IIl. ONE-LOOP EFFECTIVE ELECTRON SELF-ENERGY
IN A GENERAL LINEAR COVARIANT GAUGE
with real wg and y, wherewy, is the (rea) fermion energy ReX is related to the X2 self-energy matrix by7]
and vy the fermion damping rate. Equatid6) is thus a rela-
tion between this complexw and (rea) k; the relation be- ReX =ReX;. (18

tweenwg andk is the fermionic dispersion relation. ) ) )
Following Ref.[8] let us now make the decomposition 211 i obtained from the standard QED Feynman diagram for
the electron self-energy:

a(w,k)=ag(w,k)+ia;(w,k) 8 .
: d’p
and likewise forb andf. Thus 3(K)=ie? J (277)4Dw(p)7"8(p+ Kyy", (19
fr(@.K)=(0=k)(1+8g) + b, © where the physical*“11” ) free-particle massless fermion
fi(@,K)=(w—K)a,+b, . (10 propagator at zero chemical potential is given by
Also decompose the functiah as S(p) = p{ e +2mi 8(pA)fe(p) |, (20)
S=ReX+ilmX, (17
fe(p)=[eP/T+ 1] (21)
ReE = aRK - bRI[I, (12)
and the physical“11” ) free photon propagator in a general
Im3 =—a,K—b,u. (13)  covariant gauge is given @]
We now consider D#*(p)=DEg(p)+DE"(p), (22)
Y , Y . ) o
fR wR_|§,k +|f| wR_|§,k —0 (14) DFG(p):_gM p2+le_2’77|5(p )fB(p) y (23)

The damping ratey is absent at the tree level and arises from 1 d6(p?)
loops. So it is useful to perform Taylor expansion of the LHS D¥(p) = — épHp”| ———— + 27if 5(p) P ,
of Eq. (14) in y aboutw=wg, as the powers of, higher ¢ (p?+ie)? dp?

than what is required, can be neglected. Keeping up to terms (24)

045023-2



GAUGE INDEPENDENCE OF THE LIMITING CASES ©. .. PHYSICAL REVIEW D 62 045023

fB(p):[e|P-U|/T_ 1] L (25)  whereo is the renormalization scale. Some details of this are
given in Appendix A.
Here ¢ is the gauge parameter and FG denotes the Feynman We then turn to th&-dependent part, and write
gauge €=0). Since the calculation will be performed in the

rest-frame of the medium, in the rest of this paper we shall 3 =3pet2i. (29
setp-u=pg in Egs.(21) and(25).
Let us write To deal with Re%;, we make use of
EZET:O‘i‘E,. (26) dé(pZ) 1 1 1
= (30

2 2mil(m2L N2 (22
We now evaluate the real parts of these functigeal in the dp mLpTrieT  (pioie)
sense as defined through E@%2) and (8)] by putting the and then use the regularization
expressions for the fermion and the photon propagators in

Eqg. (19) and using Eq(18). J 1

First consider the =0 part: - —lm——— 31
(p?*ie)? \_o0dN? p?—A2+ie 3D
ReX T %=—a""%K?)K. 2
ex a (K @7 so that
The infinity in a"=° (recall that this is to be understood to
denote just the real parts removed by the counterterm of ds(p?) . d N
wave-function renormalization, leading to a2 lim —= 5(p"—A"). (32)
p A—00N
e? K? . . . — .
a;l;;o(Kz): —(1+¢) 2In—2, (29) FoI_Iowmg the manipulations described in Appendix A, we
(4m)° o arrive at
ReXy ‘Zezf P (54 K)Fa(p) B () 28R (33)
= e—,
Fe (2m)* ® F 2p-K+K2+ie
ReX;=ReX;r+ReZ;p, (34)
ReX | zgezf d'p [K2p—2p-KK]278(p?) fr(p)Re (35)
oF (2m)* P 2p-K+K2+ie)?’
e dp 1 1 K?p.y 1 1
Rexio=5 [ o5 S | | ket BT R v o]
2] amp 1 g | 2p | 1D D
- 1+Ko/lp|  1-Ko/lp| - . [1+Kollp]  1-Kq/|pl
—K?2 R — +K?p-yR +
g dp  eflP 1[ N e(1 1) . 11
—E— —|K? Re —— — | —K?p. Re(—+— } 36
g 4 (277)3 (eBlp‘—l)z |p|2 |p|7’0 D+ D_ p Y D+ D_ ( )
|
where, in the last equation, Let us now investigate the high-behavior of Eqs(33),
) . (35), and(36). Following Ref.[1], this behavior can be in-
D.=K?+2|p|Ky—2p-K+ie. (370  ferred from the degree of UVultravioleh divergence of the

) _ _ integral in each expression in the absence of the cutoff of
While the expression&3) and(35) are the same as those in

i Blpl/(eBlPl — 1)2
Ref. [1] (except that we have carefully incorporated tlee Q(T) prowde(,j byTe or fe or ¢ (e , L On(,a then
: . S : finds that R& [ goes likeT?, while ReX | - and ReX /. 5 go
which will be needed for the calculations in Appendiy,D FG ’ §F . EB
the expression36) is a different one. We have found this I|I.<e T It may be noted that' one cannot. obtain the correct
form of ReX | 5 convenient for actually carrying out the in- high-T behavior of R& ; g without removing the regulator
tegration(this, again, is done in Appendix)D \, and this can be done only after performing theintegra-
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tion, as in Eq.(36).
At high T, one can neglect the renormalized Re°
compared to R&’ [10]. Actually ReX"=° depends on the

renormalization scaler, but since the dependence is loga-

rithmic, we can still ignore it vis-ais the power law depen-
dences orl in the various parts of RE’. We shall, how-
ever, see that it isot necessaryto neglect R&T=° for
proving gauge independencekat e T. We shall also use Eq.
(28) to incorporate ther-dependence in the equation for the
effective mass.

IV. EQUATION GOVERNING GAUGE DEPENDENCE
OF DISPERSION RELATION AT ONE LOORP,
AND GENERAL CONSIDERATIONS

Inverting Eq.(2), one obtaingrecall that we are consid-
ering only the R& par

a:%[Tr(K ReX)—w Tr(uReX)], (39

b

1
m[—wTr(K Re3)+(w?—k?)Tr(h Re)]. (39

The dispersion relation is obtained by puttiag in Eq. (6).
Let us now write the functiori in Eq. (6) as

f:fFG+f§! (40)
fre=(0—K)(1+apg) + beg, (41)

Next using Eqs(34), (35), and(36), one readily sees th&t?
factors out from the expression for H(ReX é). Therefore

in view of Eq. (5), one can write from Eq(39) that
b;=(w—Kk)(1-loop function ofw, k) (43

(note thath, being zero af =0, is determined b%."). Con-
sequently
f;=(w—Kk)[a,+ (1-loop function ofw, k)].  (44)

This is the equation governing the gauge dependence of t

electron dispersion relation at one-loop. This equation is of®

the form
() 1-100p= fireex[1-l00Op &-dependent functiop  (45)

As we shall see in the next sectidhg fact that f.. factors
out on the RHS of Ed45) is crucial to the proof of gauge
independence.

Referencd 3] contains a general, nonperturbative deriva-
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dependence identity for the electron dispersion relation, re-
ducing to Eq.(45) at one loop, can be derived and used to
arrive at a general proof of gauge independence of the dis-
persion relation(as in the gluon caseln this paper, how-
ever, we confine ourselves to one-loop calculations.

V. GAUGE INDEPENDENCE OF ONE-LOOP DISPERSION
RELATION AT MOMENTA MUCH LARGER
THAN eT

Since we shall considde>eT in this section, let us first
note that forsufficiently small ehere always exists a domain
eT<k<T, so that the restrictiok>eT does not contradict
the highT approximation.

Retaining only the terms with leadinrdependence ia
and b, the following one-loop dispersion relation was ob-
tained in Ref[1] for k>eT:

M2 M2 2Kk2
o=kt 0~ 0,
2k3

+. 46
M2 (46)

k

whereM3=e?T?/8. The terms on the RHS clearly indicate
that the above expansion is valid fex Mg, i.e.,k>eT. As
shown in Ref[1] and as we shall see in Sec. Wi is the
leading-order effective electron magkl] and thus can be
considered a measure of finite-temperature effects. With
>eT ensuring that the finite-temperatuedfectsare small
(even thoughT is large, Eq. (6) in the present case has
resulted in a deviation fronrm=k by powers ofe? and of
e?(In(1/e)) [12]. This can be understood from E¢) in
view of the fact thata and b are in this case primarily of
0O(e?) which may come multiplied with powers of In)/
[originating from powers of Ing—Kk)].

The expected general form of the one-loop dispersion re-
lation for k>eT when the terms subleading in T are kispt

(47)

where the e-dependence of fnvolves only powers of
In(1/e). Equation(46) [without the last term on the RHS,
which is actually of ordee*In(1/e)] is a special case of Eq.
(47), wheref; turned out to be totallg-independent. Let us
now take Eq.(47) to be the relation in the Feynman gauge,
i.e., assume that it satisfidgz=0. Then to prove that Eq.
h(él?) is gauge independent we have to show that it also sat-
fies thatf e+ f,=0. It suffices to show that, at E¢47), f,
is of ordere? [with or without powers of In(%)] [13]. This
follows readily from Eq.(44), since the portion of the RHS
of Eq. (44) within the square brackets involves terms of the
order ofe? ande?(In(1/e))" (n is an integey, and so also
does w—k) at Eq.(47).

Digressing briefly fromhigh-temperaturéQED, we men-
tion thatthe above demonstration of gauge independence is
actually sufficient also for the case which involves large

w=k+e?f,(ek,T),

tion of the identities determining the gauge dependence of but large momentaThus fork>T, a one-loop relation of

the gluon dispersion relatiofisee Eqs(16) and(17) of [3]].

the key form Eq(47) should still hold. Note that the rest of

To one loop these gauge dependence identities are shown tiee proof, namely, arriving at E¢44), did not assume large

reduce to relationpsee Eq(20) of [3]] which are analogous T (in particular, we did not neglect the vacuum contribution
to Eq. (45) above.lt is therefore likely that a general gauge to a). The proof of gauge independence continues to be valid
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if, in addition, we have a chemical potential s_uch thatk Mé‘BZZMé’B(I)ZjL Mé,B(II)2+Mé,B(III)2' (55)
> 1 as well. Then the relevant changes are thah Eq. (47)
depends o as well,fr is modified and we havi-(—p) in £e?M d35 1 1 1 1
place off:(p) in Eg. (35), but none of these affect the proof Mfg, B(I)2: j — ——Reg —+ —|,
outlined above. ' 2 (2m)3 |p| eflpl— 1 E. E_
(56)
VI. GAUGE INDEPENDENCE OF EFFECTIVE MASS 5 3=
AT ONE LOOP M 2__§er dp 1 {M i+i)
EB(N) — 0 g 2 2
The effective electron mass is the valuewofitk=0. The 2 (2m)® eflPl- lp[\EL EZ
analysis of the preceding section does not prove the gauge
independence of the effective mass because the fdifn i_ i (57)
does not hold negk=0. For example, to leading order in E2 E?
the one-loop dispersion relation fareT is [1]
K K2 M2 §e2M2,8f d3p 1 eAlel
@=Mot 3 gp, T 4y e (2m)° [p| (&P~ 12
This suggests thahe leading order values of a and b are not %R i — i) (58)
of O(e?) [with or without powers of In(¥)] in this limit; E, E_

indeed the values at=0 area=-—1/3 andb=—-2M,/3
[14]. In Appendix B we show how this apparently surprising
behavior can be understood in a simple way. e

To investigate the gauge dependence of the effective mass E.=M=2|p|+ R (59
M we shall use the following relatiofl5]:

Here

M2=1 Jim TrIKRe31. 49 We now investigate the hig]ﬁ—behavior of the three terms
? M [KRex] 49 o the RHS of Eq(52. This can be arrived at from the UV
behavior, as explained towards the end of Sec. Ill. However,
In the rest frame of the medium, the above limit translates tdhere is a constraint that each term on the RHS of(E8). is

puttingK =0 andK = M. A careful derivation of Eq(49) in ~ an even function oM. [This can be seen by changiipg to

the present context is provided in Appendix C. —Po together with the changkl ——M in Eq. (53), in Eqg.
On using Eqgs(26) and(27) in Eq. (49), we obtain (54) and in
M2=—-M2a"=%(M2)+M"?, 50 d* dé&(p?
(M9 50 M 2=—§e2M2f 5 pg(poM+p2)fB(p) L
M'2=1 lim TrKRe3']. (51) (2m)
k—0,0w—M 1
, _ - XRe —, (60)
At T=0, M'=0 and so Eq(50) is correctly satisfied by p2+2poM+M2+ie
M=0.
Putting in Eq.(51) the expressions for Réf;, ReX;, thelast equation having been obtained by putting(Eg) in
and ReS } 5 given by Eqgs(33), (35), and(36), we get Eq. (51).] These considerations plus dimensional analysis,
' tell us that at highT, M{s* goes like T>, M;? like
M 2=MZ+Mp 2+ My g2, (52 M(In[T/M|)™ and M g2 ke M2(In[T/M])"™ (n, n2 being
positive integers Since afterT?, the next allowed term in
Mz 2 d*p M2 is M2(In[T/M|)™ (n; a positive integer the general
=2e j (Zw)s[(p0+ M)fe(p)+pPofe(p)] expression foiM'2 at high T can be written as
T\Ms T\™
X 8(p?)Re 1 , (53 M’2=g? cOT2+csM2<InM +§M2<cl Inm)
€
2potM+i Vi T\m
+C; Inm ) \ (61)
‘p
M e®= —SGZMJ 5 < Pofe(p) 8(p?) wherecy, ¢4, C,, C3 are constants, and we have dropped the
(2m) modulus of the arguments of the logarithms siffd@/ is
1 positive. Terms independent @fhave been neglected on the
X Re =, (54) RHS of Eq.(61).
2po+M+i € In principle there could be further constraints ruling out
0 M some tern(s) in Eq. (61), but a detailed calculation, de-
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scribed in Appendix D, reveals that all these terms are indeelq. (63) is O(e*T?), apart from the logarithm. As one cer-

present and that;=1=n,=n5. Thus we actually have the tainly expectsO(e*T?) contribution to Eq.(63) from two

high temperature equation loops, it is possible that thé-dependence which we have
obtained will be canceled by the two-loop contribution. But
it seems that this issue can be decided only by an actual

: (62)  two-loop calculation. It is however clear that @i¢éMT
term, being ofO(e3T?), was less likely to be canceled by a

. . . two-loop contribution. This shows the significance of the ab-
The detailed calculation may also be viewed as a check 0Bgnce of such a term.

t_he argument involving the degree of UV divergence men- \ye end this section by clarifying the following issue.
tioned before. _ Equation(63) has been obtained from the relati@®) which
Using Egs.(28) and(62) in Eq. (50), we then have again is derived from the usual dispersion relatidf) (see
Appendix Q. In view of the discussion in the first paragraph
of this section, one may wonder whether the terms correcting
: (63) Eqg. (15), as given in Eq(17), can be neglected even kt
=0. In Appendix E, we show that the correction caused by
these terms to Eq63) is indeed negligible.

2 M2 T M2

M'2=¢? —+—In—+§—|n1
8 gg2 M gm? M

2

TZ
M?2=ge? 5 T+

_ln_
8m? O

On the RHS of Eq(63) [as also in Eq(62)], we have not

given the term~e?M?; all other terms contributing to the VIl CONCLUSIONS
RHS of Eq.(63) [and Eq.(62)] vanish in the limit of large '
T/M. It is interesting to note that in Eq63), the In(M/0o) We have carried out an investigation of gauge indepen-

term from>7=C and the InT/M) term from3’ have exactly ~dence of the high-temperature electron dispersion relation at
combined to yield just a Ii{o) term, because it has been one loop. While this independence is well known to leading
observed that similar combination also takes place in th@rder inT by virtue of tzhe gauge independence of the effec-
case of the gauge boson self-energy in the Yang—Milldive self-energy aD(T<), our work takes the subleading
theory[16]. A discussion of similar behavior in the case of dependence into account. The analysis has been confined to

the three-point function, and, in generikpoint function of  linéar covariant gauges and to tke-e T andk=0 limits.

gauge boson in the Yang—Mills theory, is to be found in Ref. , Ve have obtained an equation which governs the gauge
[17] dependence of the one-loop dispersion relation, stressed its

_ . . logy with the corresponding equation in the gluon case,
The first important observation from E¢63) is thatM? ana . o .
—e2T2/8 1o Iea[()jing order i which is a wceﬁl-zmown result and consequently pointed out the possibility of a generaliza-

b . tion of our equation to all orders. From this equation ob-
[1]. Now, the gauge dependent part of Regoes likeT.  iaineq by us, the gauge independence in kieeT limit

Therefore in view of Eq(49), one would expect ag?éM T follows in a straightforward way.
term in Eq.(63). The absence of such a term shows that the \ye have then shown that the effective mass is not af-

part of ReX; leading inT does not contribute t¥. fected by the leading gauge-dependent part of the effective
To_quant|fy the effect of this absence let us consider theself-energy (going like T) and hence does not receive
equation O(e?T) correction in any gauge. While the effective mass is
5 found to be influenced by the subleading gauge-dependent
2_ 2 T_ part of the self-energggoing like InT), it is possible that this
M<=e +cMT], (64) X A
8 will be canceled by two-loop contribution.

wherec is a constant. To leading order T the second term ACKNOWLEDGMENTS
on the RHS is negligible, so thi =O(eT). This can now

be used as an approximation in the second term, to give The author thanks Professor P. B. Pal for useful discus-

sions, and also for going through the paper and suggesting
T2 improvements.

M?=e?—[1+0(e)] (65)

8 APPENDIX A: CALCULATION OF ONE-LOOP

. . . . EFFECTIVE ELECTRON SELF-ENERGY
showing that there is a correction 0f(e?T) to M [this con-
clusion can also be arrived at by solving E64) for M]. So In this appendix, we first present some of the steps lead-
the absence of the?M T term means that there is no such ing to Eq. (28). Dimensional regularization oE[;° in 4
correction in any linear covariant gauge. It may be noted that- €’ dimensions gives
the consequences of the presence or absence of vabous

ersof T in Eq. (63) are to be taken seriously despite the T-0_ ©

2

2
presence of the scale, since thes dependence is only Fe  (4m)2 Z_y_lHn(Am)

logarithmic and is not multiplied with any power &t

Finally, Eq. (63) shows that only the subleading Tnde- 1 ) )
pendence of RE ; contributes taMl. Using the leading order _Zjo dx xIn(x(1-x)K9)+0(e") |. (A1)
result M=0O(eT) as before to approximate the remaining
terms on the RHS of63) we infer that the dependence in  On the other hand, one easily obtains
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d*p 1
(2m)* (p*+ie)?

p2K +K2p
(p+K)2+ie

E?Oz—iﬁezf ] Iim%()\zf()\z))Zf(O) (A7)

r—00
(A2)
The oddp term vanishes on integration. Evaluation of the With f denoting a function with finitéf/o\* at\ =0 [18]], a

rest leads to more tedious algebra is to be worked out for the remaining
part, finally giving Eq.(36).

a, %= £ |2 —1+In(4m)
£ (am?| e Y m APPENDIX B: LEADING ORDER BEHAVIOR OF aAND b
AT ZERO MOMENTUM
1
_f dxIn(x(L1—-x)K?)+O(€e")|. (A3) In this appendix, we work out the leading order behavior
0 of a and b at k=0 (the precise values were stated at the

_ _ - _ beginning of Sec. Jl without performing a detailed calcu-
Finally adding the counter term ta™=°, as fixed by the l|ation. Similar arguments will be used in Appendix E.

renormalization condition At leading ordera andb aree®T? times some function of
T—0La o o and k (T? being deduced from UV power counting in
Aren (K=09)=0, (A4)  ReX’). Therefore to have the correct dimensioag.,

~e?T?/M3 andby_o~e>T?/M,, whereM = w,—o at lead-

we arrive at Eq(28). _ , _ _ ing order. Putting these in the dispersion relatiéh at k
Next we present the details of the manipulations leading_, namely

to the Egs.(33)—(36). The manipulations follow Ref{1],
except for part of the derivation of E¢B6).

To obtain R ¢, one has to put Eq$20) and(23) in the Mo+ Moay=o+by=0=0, (B1)
expressior(19) for the self-energy, and consider the relevant
terms. Now changg to —p—K in the fg-containing term  gives us the well-known resuftl] My~eT. Using this, it
for convenience. Finally setting?=0, as allowed bys(p?),  follows thata,_ is of O(1) andb,_ is of O(eT).
yields Eq.(33).

Putting Egs.(20) and (24) in Eg. (19), one arrives at
ReEé. It contains an fe-containing part and an APPENDIX C: FORMULA FOR THE EFFECTIVE MASS

fg-containing part, as indicated in Eq34). In ReX;, In this appendix, we prove the formuld9) for the effec-
changingp to —p—K and then settingp?=0 (allowed by tjve mass.

the delta functiongives us Eq(35). In ReX; g, simplifica- The traces Tri{ Re3) and Tr(4 ReX) are functions of
tion leads to andk. The expressions for them are obtained from Egg),

(28), (33), (35), and (36). First of all we show that these

, ,[ d'p ds(p?) ) ) traces are both even functionslofFor the3 "=° part, this is
ReX;g=ée f (277)3fB(p) dp? p—(p“K+K=p) obvious from Eq(5). For the3.’ part, we note that in the rest
frame of the mediumk=|K|, andK can occur in the expres-
sions for the traces only througd.p andK2. Odd power of
xRe—————|. (A5) el .
(p+K)2+ie k can come fronK.p=k|p|cosé# where ¢ is the angle be-

tweenK andf). This is also the only place wheteoccurs in
The p term, being odd, drops out on integration. Now wethe integrand. So changing to 7— # together with the

make use of Eq(32), commute the integration ovgp with  changek— —k, we establish the even nature as a function of
the limit and the differentiation involving\, and setp? k.

=\? (allowed by the delta functionWe then obtain For smallk, therefore, we can write
dp 9 1 - 2 4y,
Rezé,azfezf 3|Im_2J defB(p)é(pZ_)\Z) 3 Tr(K ReY) ho+hke+h,k*+ . (C1
(27)°\— 00\
X (K2p+N\2K) FTr(lReX)=go+g.k>+gk*+ - - -, (C2)
% Re 1 (A6) whereh; andg; are functions ofw. Substitution of the above
K2+2p.K+\2+ie expressions into Eq38) and (39) gives
After integrating oveip,, the operations involving are car- 1
ried out. While tgus last step is easily performed for the part 5— —z(ho—wgo)+(h1—wgl)+0(k2), (3
proportional toA“ [since k
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® e’ (=
b:_E(ho_wgoﬂ'(_wh1+w291_90)+0(k2)- (CH M,FGZZFJO dp pLfe(p)+fr(p)]
a

e’M? (= 1
o o PR 0

For the form factora andb to remain analytic ak=0, the
relation

ho= wg (C5) Here and elsewhere in this appendix(p) and fg(p) de-
oo note Eqs.(21) and (25) with |p-u| replaced byp. Now the
must hold. We now put Eq¥C3) and (C4), subject to the first part of Eq.(D2) can be evaluated exactly by using
constraint(C5), in the dispersion relatiof6). Then we use . 22
the fact that for any smak, the solution —
fo dp pfa(p)=—5— (D3)
a)=|\/|+wlk+w2k2+ f (C6)
o 7TZT2
whereM and w; are constants, must satisfy the dispersion f dp pfe(p)= 7 (D4)
relation. We also expantl; and g; in k by first doing a 0
Taylor expansion of them arounad=M as functions ofw, . .
and then [p))utting EqC6). Thus The second part of EGD2) involves the integral
. — h. ! 2 o0 1 1
hi(@)=h(M)+h/(M)w:ik+O(K?)  (CD) = [(app—t Pt 05
0 e”'—1 p°—M

with a similar equation fog; . The equation that now results

from the dispersion relatiof6) has a series in powers &f

alone on the LHS. Equating the coefficient of each power of _ fxdx X 1 Pr 1 ' (D6)
k separately to zero will determine the constavitand w; of 0 e—1 x>—(M/T)?

Eq. (C6). Thus, equating the constant term to zero gives

Here Pr denotes the principal value. The functional depen-

M=go(M). (CY dence ofl on T/M was determined on a computer for large
o ) T/M, yielding
Multiplying both sides byM, we make use of
17T
ho(M)=Mgo(M) (C9 I~ Sine. (D7)

[which follows from Eq.(C5)] to finally arrive at ) o o .
Note that this logarithmic behavior is in accord with the UV

M2=ho(M). (c10  behavior of Eq(D5) without the distribution function. Thus
at highT
This is the formula(49). One can alternatively use E(C8)
as the formula for the effective mass and end up with the Lo o T2 M?2 T
same results. Mre'=e"| g+ Q'”M (D8)
APPENDIX D: THERMAL CONTRIBUTION neglecting terms independent ©f
TO THE EQUATION FOR THE EFFECTIVE MASS Next we turn toM ; -2, given by Eq(54). Integrating over
AT HIGH TEMPERATURE Po and the angles, we are led to
In this appendix we arrive at Eq62), which expresses
the highT contribution to the equation for the effective mass, M 2 562sz°°d (DR 1
by explicit calculation of the expressior{83), (54), (56), &F T gn2 Jo ppfr(p)Re ) M2 e
(57), and(58). Ry
We begin withM (g2, given by Eq.(53). After the p,
integration is carried out, the integrand is a function| pf £e’M? (=
alone. Then integrating over the angles trivially, we are left + 3272 Jo dp pfr(p)Re M2 e\ 2
with a one-dimensional integral. On rearrangement and use ( 2 o 5)
of the identity
(D9)
fa(p)—fe(p)=2f5(2p), (D1)
Moving on toMé, 2 integration over the angles in Eq56),
we get (57), and(58) lead to
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1
! 2: _
M: By P fo dp pr(p)RT (D10
4 2
! 2 1
Megay™=— 320 ey dp pfs(p)Re ) M2 el 2’
4 2
(D11)
e’M? efr 1
Més(m) =_§ ﬁf pp .e 2
' (efP—1)2 2_M__ le
4 2
(D12)
Using the identity(D1) we then arrive at
M2+ Mg+ Mgy’
g 2
= dp pf R
A2 f p pfa(p) T M?—2ie
(p?—M?2=2i¢e)?
(D13)

While the first part again involves E¢D5), the second part,

being ill-defined, is regularized in a way similar to E§1):

dp pf Re
fo PPTs(P) (p2—M?=2j¢)?

(7 9]
= lim —
N MINZ

1
dppfs(p)Re— (D14)
p?—A\?—2ie

The integral on the RHS of ED14) is similar tol in Eq.

(D5) and equals- 3In(T/\) for high T. So the second part of
Eq. (D13) equals— £ée2M?/1672 which can be neglected as
it is independent off. Thus we are left with the first part of

Eqg. (D13), so that

12 ’ 2 ’ 2_ geZle T
M§,F +M§,B(|) +M§,B(||) — 8,71.2 nm (D15)
In MévB(,,,)z, we encounter the integral
e 1
J= Pr , (D16)
j P pz(ep/T 1)2 p2_ M12

where M;=M/2. ConvertingJ into a function of T/M,
alone[as we did in the case ¢fin Eq. (D6)], the functional

dependence was found out for lar§évl ; using a computer,

PHYSICAL REVIEW D 62 045023

J= T—f pp Pr . (D17)

Then using our knowledge d¢f[see Eqs(D5) and(D7)], we
obtainJ~ — 3 at largeT. ThusM g, > equals¢e’M /167
and can be neglected.

Therefore in the highF limit, M'2 receives contribution
from Egs.(D8) and (D15), thereby leading us to E@62).

APPENDIX E: TERMS CORRECTING THE USUAL
DISPERSION RELATION: ESTIMATION AT k=0

In this appendix, we estimate the correction to E&p)
for the effective mass due to the terms in EL7) correcting
the usual dispersion relatiqi5).

Since wg=M at k=0, the dispersion relatiofil7) at k
=0 is given by
72 i -
frlw=M, k= O)+ 2 M fi(M,0) = = — fr(M,0)=0,
(ED

where, from Eq(16),
9 -1
Yo= 7(k=0)=2{mfR(M,0)} fi(M,0. (E2

Now from Eg.(9) and(10),

fr(M,0)=M +Mag(M,0) +bg(M,0), (E3

fi(M,00=Ma;(M,0)+b;(M,0). (E4)

To leading order iflT, Mag(M,0) andbg(M,0) aree?T?/M
apart from constant factors, as was explained in Appendix B
(we shall putM =M, when we estimate the expressions we
are interested in Next there are a number of possible sub-
leading terms. But we have already worked them out since
Eq. (63) is just the equatiorfg(M,0)=0 multiplied by M
[see below Eq(C8)]. Thus

272

M e T 2(1 |\/||T
——e( +§)§n;

fr(M,0)= aM

(E5

[We would have obtained just this expression equated to zero
in place of Eq.(63) if we used Eq.(C8) in place of Eq.
(C10.]

At high temperature IlX goes likeT. One way of seeing
this, which suffices for our purpose, is as follows. Imis
given by[7,8]

IM3(K)=[1-2fc(K)] 1 Im3,,(K). (E6)

For T>w, T>k, and w?—k?>0 it can be argued in the
Feynman gauge that &y, is of order w or k, since the
integration involved is over two-body phase spdd®].

which gaveJ~ — 3. This constancy again agrees with the Therefore in such a case I, is independent oT at lead-

expectation from the argument involving the UV behavior.ing order.

Alternatively one can note that

Also for >0 and T>w, [1-2fg(K)]?!
~2T/w. Clearly, then, for our cases(=M, k=0, T>M),
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Im 3 goes likeT. We assume this leading order behavior to Yo=0d,82T+ .- (E8)
hold in a general gauge, from considerations of gauge inde-
pendence. from Eq.(E2), and also

It follows that to leading order inf, Ma,(M,0) and

b,(M,0) aree’T apart from constant factofso extra factor '

dJ 1
— = 2 |— ...
of M required to match dimensionsHence om fiM,0)=d,e (Ine T (E9)
|
f,(M,0)=d;e?T +d,e? M(In— , (E7) & 4.2
aszR(M,O) oT T (E10

whered,, d, are constants arids a positive integefthere is

no o, as Imx"=0 is finite and not renormalizéd Terms  where the ellipsis in each equation indicates terms negligible
independent ofl have been dropped in E¢E7), just as in  in comparison fore—0. Finally estimating the correction
Eg. (E5. From the considerations of the previous paragraphterms in Eq.(E1), we find that on the LHS of E¢q(E1), the

it easily follows that a subleading (M) term cannot in fact second term~e*(In(1/e))'T while the third term~e>T.
arise in Im2 in the Feynman gauge, but one cannot rule itSince theT independent terms dropped in E(E5) are

out in a general gauge. ~e’M~e®T, we are clearly justified in neglecting the sec-
Now we shall putM=M,=eT//8, the leading order ond and third terms on the LHS of E¢E1), as we did in
value. Using Eqs(E5) and (E7), we then get Sec. VI.
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