
PHYSICAL REVIEW D, VOLUME 62, 045023
Gauge independence of the limiting cases of the one-loop electron dispersion relation
in high-temperature QED
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Assuming high temperature and taking subleading temperature dependence into account, the gauge depen-
dence of one-loop electron dispersion relation is investigated in massless quantum electrodynamics~QED! at
zero chemical potential. The analysis is carried out using a general linear covariant gauge. The equation
governing the gauge dependence of the dispersion relation is obtained and used to prove that the dispersion
relation is gauge independent in the limiting case of momenta much larger thaneT. It is also shown that the
effective mass is not influenced by the leading temperature dependence of the gauge dependent part of the
effective self-energy. As a result, the effective mass, which is of ordereT, does not receive a correction of
ordere2T from one-loop, independent of the gauge parameter.

PACS number~s!: 11.10.Wx
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I. INTRODUCTION

It is well known that the dispersion relation of relativist
electrons in a material medium is markedly different fro
that in vacuum, a fact which makes the study of the form
interesting and important. The required calculation is p
formed within the framework of statistical quantum fie
theory~SQFT!, also known as finite-temperature field theo
In order to deduce the dispersion relation analytically, it
useful to assume the temperatureT to be high. It is then
found that while the part of the one-loop effective se
energy of the electron~the effective self-energy being th
field-theoretic input to the dispersion relation; see Sec.!
leading in T goes like T2 and is gauge independent, th
gauge dependent part goes likeT. This shows that the one
loop dispersion relation is gauge independent to leading
der in T @1#.

A somewhat similar situation occurs for the one-loop
fective self-energy of neutrinos in material medium, which
gauge independent atO(1/MW

2 ) but gauge dependent whe
the O(1/MW

4 ) terms are included. However, it has be
shown @2# that the one-loop dispersion relation followin
from the latter is still independent of the gauge parame
This raises the possibility that the gauge dependence of
part of the one-loop effective self-energy of the electron s
leading inT may also not show up in the one-loop dispersi
relation. This possibility is explored in the present paper
two different limiting cases. We show that this indeed ha
pens in thek@eT limit of the dispersion relation. In the
zero-momentum limit we find that the gauge dependenc
the part of the effective self-energy going likeT does not
contribute to the effective mass. This leads to the gauge
dependent result that the effective mass, known to be
O(eT) to leading order inT @1#, receives noO(e2T) correc-
tion from one-loop.

We consider the electrons to be massless in vacu
~which is true in the phase of restored chiral symmetry, a
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a good approximation whenT is much larger than the elec
tron mass!, and the chemical potential of the backgrou
medium to be zero. Our calculation makes use of the re
time formulation of SQFT.

The demonstration of gauge independence of the pro
ties of elementary particles in material medium has turn
out to be of extreme importance in SQFT. In particular, t
gauge dependence of the gluon damping rate at one-loop
a long-standing problem. In Ref.@3#, the Ward identities de-
termining the gauge dependence of the gluon dispersion
lations were deduced and used to prove gauge independ
in a self-consistent perturbative expansion. In Refs.@4# and
@5#, it was shown that such a consistent expansion requ
resummation of the hard thermal loops. The use of this i
finally led to a gauge-independent gluon damping rate
leading order in the coupling constant@6#. It will be seen that
the gauge dependence identities of Ref.@3#, although dealing
with gluons, are still relevant for the case studied by us.

The plan of the paper is as follows. In Sec. II, the gene
form of the fermionic dispersion relation is discussed. In S
III, we arrive at the expression for the one-loop effecti
electron self-energy in a general linear covariant gauge
Sec. IV, the gauge dependence equation for the one-
dispersion relation is obtained and the possibility of a gen
alization of it to all orders is mentioned. Gauge indepe
dence of thek@eT limit of the one-loop dispersion relation
is proved in Sec. V, while gauge independence of the o
loop effective mass is discussed in Sec. VI. We present
conclusions in Sec. VII. Appendixes A and D contain som
details of the calculations, Appendixes B and E clarify c
tain points, and Appendix C contains a derivation of t
formula for the effective mass.

II. GENERAL FORM OF FERMIONIC DISPERSION
RELATION

In the real-time formulation of SQFT the free-field prop
gator, the full or exact propagator and the self-energy are
232 matrices@7#. The poles of the full propagator for
massless fermion of four-momentumKm occur at the poles
of the function
©2000 The American Physical Society23-1
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S~K !5@K” 2S~K !#21 ~1!

whereS(K) is related to the components of the self-ener
matrix. Considering the analogy to the vacuum case, we s
call S(K) the effective self-energyof the fermion. It has the
general form@1#

S~K !52aK” 2bu” ~2!

in a medium with four-velocityum. Here a and b are
Lorentz-invariant functions of the two Lorentz scalars

v[K•u, ~3!

k[@~K.u!22K2#1/2, ~4!

v and k are the Lorentz-invariant energy and thre
momentum, respectively, which satisfy

K25v22k2. ~5!

The pole inS(K) is then given by

f ~v,k![~v2k!~11a!1b50. ~6!

In proceeding from this equation, one writes@8#

v5vR2 i
g

2
~7!

with real vR and g, wherevR is the ~real! fermion energy
andg the fermion damping rate. Equation~6! is thus a rela-
tion between this complexv and ~real! k; the relation be-
tweenvR andk is the fermionic dispersion relation.

Following Ref.@8# let us now make the decomposition

a~v,k!5aR~v,k!1 iaI~v,k! ~8!

and likewise forb and f. Thus

f R~v,k!5~v2k!~11aR!1bR , ~9!

f I~v,k!5~v2k!aI1bI . ~10!

Also decompose the functionS as

S5ReS1 i Im S, ~11!

ReS52aRK” 2bRu” , ~12!

Im S52aIK” 2bIu” . ~13!

We now consider

f RS vR2 i
g

2
,kD1 i f I S vR2 i

g

2
,kD50. ~14!

The damping rateg is absent at the tree level and arises fro
loops. So it is useful to perform Taylor expansion of the LH
of Eq. ~14! in g aboutv5vR , as the powers ofg, higher
than what is required, can be neglected. Keeping up to te
04502
y
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-
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linear ing and f I ( f I also arising only from loops!, we arrive
at @8# the following two real relations from the comple
equation~14!:

f R~vR ,k!50 ~15!

which is the dispersion (vR-k) relation to this order, and

g

2 F] f R

]v G
v5vR

5 f I~vR ,k! ~16!

which @on using Eq.~15!# givesg as a function ofk to the
same order. When the next higher order correction is inc
porated into Eq.~15! from Eq. ~14!, we obtain

f R~vR ,k!1
g

2 F] f I

]v G
v5vR

2
g2

8 F ]2f R

]v2 G
v5vR

50. ~17!

Sincef I @see Eq.~10!# and henceg @see Eq.~16!# are both of
order e2, the last two terms on the LHS of Eq.~17! are of
order e4. The one-loopdispersion relation is thus given b
Eqs. ~15! and ~9!. To study itwe need to consider only th
ReS part of S. Therefore~with the exception of Appendix
E! the subscripts in aR , bR , f R , and vR will be dropped
henceforth and will be assumed to be understood.

III. ONE-LOOP EFFECTIVE ELECTRON SELF-ENERGY
IN A GENERAL LINEAR COVARIANT GAUGE

ReS is related to the 232 self-energy matrix by@7#

ReS5ReS11. ~18!

S11 is obtained from the standard QED Feynman diagram
the electron self-energy:

S11~K !5 ie2E d4p

~2p!4
Dmn~p!gmS~p1K !gn, ~19!

where the physical~‘‘11’’ ! free-particle massless fermio
propagator at zero chemical potential is given by

S~p!5p” F 1

p21 i e
12p id~p2! f F~p!G , ~20!

f F~p!5@eup.uu/T11#21 ~21!

and the physical~‘‘11’’ ! free photon propagator in a gener
covariant gauge is given by@9#

Dmn~p!5DFG
mn~p!1Dj

mn~p!, ~22!

DFG
mn~p!52gmnF 1

p21 i e
22p id~p2! f B~p!G , ~23!

Dj
mn~p!52jpmpnF 1

~p21 i e!2
12p i f B~p!

dd~p2!

dp2 G ,

~24!
3-2
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f B~p!5@eup.uu/T21#21. ~25!

Herej is the gauge parameter and FG denotes the Feyn
gauge (j50). Since the calculation will be performed in th
rest-frame of the medium, in the rest of this paper we sh
setp•u5p0 in Eqs.~21! and ~25!.

Let us write

S5ST501S8. ~26!

We now evaluate the real parts of these functions@real in the
sense as defined through Eqs.~12! and ~8!# by putting the
expressions for the fermion and the photon propagator
Eq. ~19! and using Eq.~18!.

First consider theT50 part:

ReST5052aT50~K2!K” . ~27!

The infinity in aT50 ~recall that this is to be understood
denote just the real part! is removed by the counterterm o
wave-function renormalization, leading to

aren
T50~K2!52~11j!

e2

~4p!2
ln

K2

s2
, ~28!
in

is
-
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an

ll

in

wheres is the renormalization scale. Some details of this
given in Appendix A.

We then turn to theT-dependent part, and write

S85SFG8 1Sj8 . ~29!

To deal with ReSj8 , we make use of

dd~p2!

dp2
5

1

2p i F 1

~p21 i e!2
2

1

~p22 i e!2G ~30!

and then use the regularization

1

~p26 i e!2
5 lim

l→0

]

]l2

1

p22l26 i e
, ~31!

so that

dd~p2!

dp2
52 lim

l→0

]

]l2
d~p22l2!. ~32!

Following the manipulations described in Appendix A, w
arrive at
ReSFG8 52e2E d4p

~2p!4
@~p”1K” ! f B~p!1p” f F~p!#2pd~p2!Re

1

2p•K1K21 i e
, ~33!

ReSj85ReSj,F8 1ReSj,B8 , ~34!

ReSj,F8 5je2E d4p

~2p!4
@K2p”22p•KK” #2pd~p2! f F~p!Re

1

~2p•K1K21 i e!2
, ~35!

ReSj,B8 5j
e2

2 E d3pW

~2p!3

1

ebupW u21

1

upW u F S K” 1
K2pW .gW

2upW u2
D ReS 1

D1
1

1

D2
D

2K2upW ug0 ReS 11K0 /upW u

D1
2

2
12K0 /upW u

D2
2 D 1K2pW •gW ReS 11K0 /upW u

D1
2

1
12K0 /upW u

D2
2 D G

2j
e2b

4 E d3pW

~2p!3

ebupW u

~ebupW u21!2

1

upW u2 FK2upW ug0 ReS 1

D1
2

1

D2
D2K2pW .gW ReS 1

D1
1

1

D2
D G , ~36!
f of

ect
r

where, in the last equation,

D65K262upW uK022pW •KW 1 i e. ~37!

While the expressions~33! and~35! are the same as those
Ref. @1# ~except that we have carefully incorporated thei e,
which will be needed for the calculations in Appendix D!,
the expression~36! is a different one. We have found th
form of ReSj,B8 convenient for actually carrying out the in
tegration~this, again, is done in Appendix D!.
Let us now investigate the high-T behavior of Eqs.~33!,
~35!, and ~36!. Following Ref.@1#, this behavior can be in-
ferred from the degree of UV~ultraviolet! divergence of the
integral in each expression in the absence of the cutof

O(T) provided by f B or f F or ebupW u/(ebupW u21)2. One then
finds that ReSFG8 goes likeT2, while ReSj,F8 and ReSj,B8 go
like T. It may be noted that one cannot obtain the corr
high-T behavior of ReSj,B8 without removing the regulato
l, and this can be done only after performing thep0 integra-
3-3
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INDRAJIT MITRA PHYSICAL REVIEW D 62 045023
tion, as in Eq.~36!.
At high T, one can neglect the renormalized ReST50

compared to ReS8 @10#. Actually ReST50 depends on the
renormalization scales, but since the dependence is log
rithmic, we can still ignore it vis-a`-vis the power law depen
dences onT in the various parts of ReS8. We shall, how-
ever, see that it isnot necessaryto neglect ReST50 for
proving gauge independence atk@eT. We shall also use Eq
~28! to incorporate thes-dependence in the equation for th
effective mass.

IV. EQUATION GOVERNING GAUGE DEPENDENCE
OF DISPERSION RELATION AT ONE LOOP,

AND GENERAL CONSIDERATIONS

Inverting Eq.~2!, one obtains~recall that we are consid
ering only the ReS part!

a5
1

4k2
@Tr~K” ReS!2v Tr~u”ReS!#, ~38!

b5
1

4k2
@2vTr ~K” ReS!1~v22k2!Tr~u” ReS!#. ~39!

The dispersion relation is obtained by puttinga, b in Eq. ~6!.
Let us now write the functionf in Eq. ~6! as

f 5 f FG1 f j , ~40!

f FG5~v2k!~11aFG!1bFG, ~41!

f j5~v2k!aj1bj . ~42!

Next using Eqs.~34!, ~35!, and~36!, one readily sees thatK2

factors out from the expression for Tr(K” ReSj8). Therefore
in view of Eq. ~5!, one can write from Eq.~39! that

bj5~v2k!~1-loop function ofv, k! ~43!

~note thatb, being zero atT50, is determined byS8). Con-
sequently

f j5~v2k!@aj1~1-loop function ofv, k!#. ~44!

This is the equation governing the gauge dependence o
electron dispersion relation at one-loop. This equation is
the form

~ f j!1-loop5 f tree3@1-loop j-dependent function#. ~45!

As we shall see in the next section,the fact that ftree factors
out on the RHS of Eq.~45! is crucial to the proof of gauge
independence.

Reference@3# contains a general, nonperturbative deriv
tion of the identities determining the gauge dependence
the gluon dispersion relations†see Eqs.~16! and~17! of @3#‡.
To one loop these gauge dependence identities are show
reduce to relations†see Eq.~20! of @3#‡ which are analogous
to Eq. ~45! above.It is therefore likely that a general gaug
04502
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dependence identity for the electron dispersion relation,
ducing to Eq.~45! at one loop, can be derived and used
arrive at a general proof of gauge independence of the d
persion relation~as in the gluon case!. In this paper, how-
ever, we confine ourselves to one-loop calculations.

V. GAUGE INDEPENDENCE OF ONE-LOOP DISPERSION
RELATION AT MOMENTA MUCH LARGER

THAN eT

Since we shall considerk@eT in this section, let us first
note that forsufficiently small ethere always exists a domai
eT!k!T, so that the restrictionk@eT does not contradict
the high-T approximation.

Retaining only the terms with leadingT-dependence ina
and b, the following one-loop dispersion relation was o
tained in Ref.@1# for k@eT:

v5k1
M0

2

k
2

M0
4

2k3
ln

2k2

M0
2

1••• , ~46!

whereM0
25e2T2/8. The terms on the RHS clearly indica

that the above expansion is valid fork@M0, i.e., k@eT. As
shown in Ref.@1# and as we shall see in Sec. VI,M0 is the
leading-order effective electron mass@11# and thus can be
considered a measure of finite-temperature effects. Witk
@eT ensuring that the finite-temperatureeffectsare small
~even thoughT is large!, Eq. ~6! in the present case ha
resulted in a deviation fromv5k by powers ofe2 and of
e2
„ln(1/e)… @12#. This can be understood from Eq.~6! in

view of the fact thata and b are in this case primarily of
O(e2) which may come multiplied with powers of ln(1/e)
@originating from powers of ln(v2k)#.

The expected general form of the one-loop dispersion
lation for k@eT when the terms subleading in T are keptis

v5k1e2f 1~e,k,T!, ~47!

where the e-dependence of f1 involves only powers o
ln(1/e). Equation~46! @without the last term on the RHS
which is actually of ordere4 ln(1/e)# is a special case of Eq
~47!, wheref 1 turned out to be totallye-independent. Let us
now take Eq.~47! to be the relation in the Feynman gaug
i.e., assume that it satisfiesf FG50. Then to prove that Eq
~47! is gauge independent we have to show that it also
isfies thatf FG1 f j50. It suffices to show that, at Eq.~47!, f j

is of ordere4 @with or without powers of ln(1/e)# @13#. This
follows readily from Eq.~44!, since the portion of the RHS
of Eq. ~44! within the square brackets involves terms of t
order of e2 and e2

„ln(1/e)…n (n is an integer!, and so also
does (v2k) at Eq.~47!.

Digressing briefly fromhigh-temperatureQED, we men-
tion that the above demonstration of gauge independenc
actually sufficient also for the case which involvesnot large
T but large momenta. Thus fork@T, a one-loop relation of
the key form Eq.~47! should still hold. Note that the rest o
the proof, namely, arriving at Eq.~44!, did not assume large
T ~in particular, we did not neglect the vacuum contributi
to a). The proof of gauge independence continues to be v
3-4
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if, in addition, we have a chemical potentialm such thatk
@m as well. Then the relevant changes are thatf 1 in Eq. ~47!
depends onm as well,f F is modified and we havef F(2p) in
place off F(p) in Eq. ~35!, but none of these affect the proo
outlined above.

VI. GAUGE INDEPENDENCE OF EFFECTIVE MASS
AT ONE LOOP

The effective electron mass is the value ofv at k50. The
analysis of the preceding section does not prove the ga
independence of the effective mass because the form~47!
does not hold neark50. For example, to leading order inT
the one-loop dispersion relation fork!eT is @1#

v5M01
k

3
1

k2

3M0
1••• . ~48!

This suggests thatthe leading order values of a and b are n
of O(e2) @with or without powers of ln(1/e)# in this limit;
indeed the values atk50 are a521/3 and b522M0/3
@14#. In Appendix B we show how this apparently surprisin
behavior can be understood in a simple way.

To investigate the gauge dependence of the effective m
M we shall use the following relation@15#:

M25 1
4 lim

k→0,v→M
Tr @K” ReS#. ~49!

In the rest frame of the medium, the above limit translates
puttingKW 50W andK05M . A careful derivation of Eq.~49! in
the present context is provided in Appendix C.

On using Eqs.~26! and ~27! in Eq. ~49!, we obtain

M252M2aT50~M2!1M 82, ~50!

M 82[ 1
4 lim

k→0,v→M
Tr@K” ReS8#. ~51!

At T50, M 850 and so Eq.~50! is correctly satisfied by
M50.

Putting in Eq.~51! the expressions for ReSFG8 , ReSj,F8 ,
and ReSj,B8 given by Eqs.~33!, ~35!, and~36!, we get

M 825MFG8
21M j,F8 21M j,B8 2, ~52!

MFG8
252e2E d4p

~2p!3
@~p01M ! f B~p!1p0f F~p!#

3d~p2!Re
1

2p01M1 i
e

M

, ~53!

M j,F8 252je2ME d4p

~2p!3
p0f F~p!d~p2!

3Re
1

S 2p01M1 i
e

M D 2 , ~54!
04502
ge

ss

o

M j,B8 25M j,B(I)8 21M j,B(II)8 21M j,B(III)8 2, ~55!

M j,B(I)8 25
je2M

2
E d3pW

~2p!3

1

upW u

1

ebupW u21
ReS 1

E1

1
1

E2
D ,

~56!

M j,B(II)8 252
je2M

2
E d3pW

~2p!3

1

ebupW u21
ReF M

upW u
S 1

E1
2

1
1

E2
2 D

1S 1

E1
2

2
1

E2
2 D G , ~57!

M j,B(III)8 252
je2M2b

4 E d3pW

~2p!3

1

upW u

ebupW u

~ebupW u21!2

3ReS 1

E1
2

1

E2
D . ~58!

Here

E65M62upW u1
i e

M
. ~59!

We now investigate the high-T behavior of the three term
on the RHS of Eq.~52!. This can be arrived at from the UV
behavior, as explained towards the end of Sec. III. Howev
there is a constraint that each term on the RHS of Eq.~52! is
an even function ofM. @This can be seen by changingp0 to
2p0 together with the changeM→2M in Eq. ~53!, in Eq.
~54! and in

M j,B8 252je2M2E d4p

~2p!3
~p0M1p2! f B~p!

dd~p2!

dp2

3Re
1

p212p0M1M21 i e
, ~60!

the last equation having been obtained by putting Eq.~A5! in
Eq. ~51!.# These considerations, plus dimensional analy
tell us that at highT, MFG8

2 goes like T2, M j,F8 2 like
M2(lnuT/Mu)n1 and M j,B8 2 like M2(lnuT/Mu)n2 (n1, n2 being
positive integers!. Since afterT2, the next allowed term in
MFG8

2 is M2(lnuT/Mu)n3 (n3 a positive integer!, the general
expression forM 82 at highT can be written as

M 825e2Fc0T21c3M2S ln
T

M D n3

1jM2S c1S ln
T

M D n1

1c2S ln
T

M D n2D G , ~61!

wherec0, c1, c2, c3 are constants, and we have dropped
modulus of the arguments of the logarithms sinceT/M is
positive. Terms independent ofT have been neglected on th
RHS of Eq.~61!.

In principle there could be further constraints ruling o
some term~s! in Eq. ~61!, but a detailed calculation, de
3-5
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INDRAJIT MITRA PHYSICAL REVIEW D 62 045023
scribed in Appendix D, reveals that all these terms are ind
present and thatn1515n25n3. Thus we actually have the
high temperature equation

M 825e2S T2

8
1

M2

8p2
ln

T

M
1j

M2

8p2
ln

T

M D . ~62!

The detailed calculation may also be viewed as a check
the argument involving the degree of UV divergence m
tioned before.

Using Eqs.~28! and ~62! in Eq. ~50!, we then have

M25e2FT2

8
1~11j!

M2

8p2
ln

T

sG . ~63!

On the RHS of Eq.~63! @as also in Eq.~62!#, we have not
given the term;e2M2; all other terms contributing to the
RHS of Eq.~63! @and Eq.~62!# vanish in the limit of large
T/M . It is interesting to note that in Eq.~63!, the ln(M/s)
term fromST50 and the ln(T/M) term fromS8 have exactly
combined to yield just a ln(T/s) term, because it has bee
observed that similar combination also takes place in
case of the gauge boson self-energy in the Yang–M
theory @16#. A discussion of similar behavior in the case
the three-point function, and, in general,N-point function of
gauge boson in the Yang–Mills theory, is to be found in R
@17#.

The first important observation from Eq.~63! is that M2

5e2T2/8 to leading order inT, which is a well-known result
@1#. Now, the gauge dependent part of ReS8 goes likeT.
Therefore in view of Eq.~49!, one would expect ane2jMT
term in Eq.~63!. The absence of such a term shows that
part of ReSj8 leading inT does not contribute toM.

To quantify the effect of this absence let us consider
equation

M25e2S T2

8
1cMTD , ~64!

wherec is a constant. To leading order inT, the second term
on the RHS is negligible, so thatM5O(eT). This can now
be used as an approximation in the second term, to give

M25e2
T2

8
@11O~e!# ~65!

showing that there is a correction ofO(e2T) to M @this con-
clusion can also be arrived at by solving Eq.~64! for M #. So
the absence of thee2MT term means that there is no suc
correction in any linear covariant gauge. It may be noted t
the consequences of the presence or absence of variouspow-
ers of T in Eq. ~63! are to be taken seriously despite t
presence of the scales, since thes dependence is only
logarithmic and is not multiplied with any power ofT.

Finally, Eq. ~63! shows that only the subleading lnT de-
pendence of ReSj8 contributes toM. Using the leading orde
result M5O(eT) as before to approximate the remainin
terms on the RHS of~63! we infer that thej dependence in
04502
d

n
-

e
s

.

e

e

at

Eq. ~63! is O(e4T2), apart from the logarithm. As one ce
tainly expectsO(e4T2) contribution to Eq.~63! from two
loops, it is possible that thej-dependence which we hav
obtained will be canceled by the two-loop contribution. B
it seems that this issue can be decided only by an ac
two-loop calculation. It is however clear that ane2jMT
term, being ofO(e3T2), was less likely to be canceled by
two-loop contribution. This shows the significance of the a
sence of such a term.

We end this section by clarifying the following issu
Equation~63! has been obtained from the relation~49! which
again is derived from the usual dispersion relation~15! ~see
Appendix C!. In view of the discussion in the first paragrap
of this section, one may wonder whether the terms correc
Eq. ~15!, as given in Eq.~17!, can be neglected even atk
50. In Appendix E, we show that the correction caused
these terms to Eq.~63! is indeed negligible.

VII. CONCLUSIONS

We have carried out an investigation of gauge indep
dence of the high-temperature electron dispersion relatio
one loop. While this independence is well known to leadi
order inT by virtue of the gauge independence of the effe
tive self-energy atO(T2), our work takes the subleadingT
dependence into account. The analysis has been confine
linear covariant gauges and to thek@eT andk50 limits.

We have obtained an equation which governs the ga
dependence of the one-loop dispersion relation, stresse
analogy with the corresponding equation in the gluon ca
and consequently pointed out the possibility of a general
tion of our equation to all orders. From this equation o
tained by us, the gauge independence in thek@eT limit
follows in a straightforward way.

We have then shown that the effective mass is not
fected by the leading gauge-dependent part of the effec
self-energy ~going like T) and hence does not receiv
O(e2T) correction in any gauge. While the effective mass
found to be influenced by the subleading gauge-depen
part of the self-energy~going like lnT), it is possible that this
will be canceled by two-loop contribution.
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APPENDIX A: CALCULATION OF ONE-LOOP
EFFECTIVE ELECTRON SELF-ENERGY

In this appendix, we first present some of the steps le
ing to Eq. ~28!. Dimensional regularization ofSFG

T50 in 4
2e8 dimensions gives

aFG
T505

e2

~4p!2 F 2

e8
2g211 ln~4p!

22E
0

1

dx x ln„x~12x!K2
…1O~e8!G . ~A1!

On the other hand, one easily obtains
3-6
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Sj
T5052 i je2E d4p

~2p!4

1

~p21 i e!2 F p”2
p2K” 1K2p”

~p1K !21 i e
G .

~A2!

The oddp” term vanishes on integration. Evaluation of t
rest leads to

aj
T505

je2

~4p!2 F 2

e8
2g211 ln~4p!

2E
0

1

dx ln„x~12x!K2
…1O~e8!G . ~A3!

Finally adding the counter term toaT50, as fixed by the
renormalization condition

aren
T50~K25s2!50, ~A4!

we arrive at Eq.~28!.
Next we present the details of the manipulations lead

to the Eqs.~33!–~36!. The manipulations follow Ref.@1#,
except for part of the derivation of Eq.~36!.

To obtain ReSFG8 , one has to put Eqs.~20! and~23! in the
expression~19! for the self-energy, and consider the releva
terms. Now changep to 2p2K in the f F-containing term
for convenience. Finally settingp250, as allowed byd(p2),
yields Eq.~33!.

Putting Eqs.~20! and ~24! in Eq. ~19!, one arrives at
ReSj8 . It contains an f F-containing part and an
f B-containing part, as indicated in Eq.~34!. In ReSj,F8 ,
changingp to 2p2K and then settingp250 ~allowed by
the delta function! gives us Eq.~35!. In ReSj,B8 , simplifica-
tion leads to

ReSj,B8 5je2E d4p

~2p!3
f B~p!

dd~p2!

dp2 F p”2~p2K” 1K2p” !

3Re
1

~p1K !21 i e
G . ~A5!

The p” term, being odd, drops out on integration. Now w
make use of Eq.~32!, commute the integration overp0 with
the limit and the differentiation involvingl, and setp2

5l2 ~allowed by the delta function!. We then obtain

ReSj,B8 5je2E d3pW

~2p!3
lim
l→0

]

]l2E dp0 f B~p!d~p22l2!

3~K2p”1l2K” !

3Re
1

K212p.K1l21 i e
. ~A6!

After integrating overp0, the operations involvingl are car-
ried out. While this last step is easily performed for the p
proportional tol2

†since
04502
g

t

t

lim
l→0

]

]l2
„l2f ~l2!…5 f ~0! ~A7!

with f denoting a function with finite] f /]l2 at l50 @18#‡, a
more tedious algebra is to be worked out for the remain
part, finally giving Eq.~36!.

APPENDIX B: LEADING ORDER BEHAVIOR OF a AND b
AT ZERO MOMENTUM

In this appendix, we work out the leading order behav
of a and b at k50 ~the precise values were stated at t
beginning of Sec. VI! without performing a detailed calcu
lation. Similar arguments will be used in Appendix E.

At leading ordera andb aree2T2 times some function of
v and k (T2 being deduced from UV power counting i
ReS8). Therefore to have the correct dimensionsak50

;e2T2/M0
2 andbk50;e2T2/M0, whereM05vk50 at lead-

ing order. Putting these in the dispersion relation~6! at k
50, namely,

M01M0ak501bk5050, ~B1!

gives us the well-known result@1# M0;eT. Using this, it
follows thatak50 is of O(1) andbk50 is of O(eT).

APPENDIX C: FORMULA FOR THE EFFECTIVE MASS

In this appendix, we prove the formula~49! for the effec-
tive mass.

The traces Tr(K” ReS) and Tr(u” ReS) are functions ofv
andk. The expressions for them are obtained from Eqs.~27!,
~28!, ~33!, ~35!, and ~36!. First of all we show that these
traces are both even functions ofk. For theST50 part, this is
obvious from Eq.~5!. For theS8 part, we note that in the res
frame of the medium,k5uKW u, andKW can occur in the expres
sions for the traces only throughKW .pW andKW 2. Odd power of
k can come fromKW .pW 5kupW ucosu whereu is the angle be-
tweenKW andpW . This is also the only place whereu occurs in
the integrand. So changingu to p2u together with the
changek→2k, we establish the even nature as a function
k.

For smallk, therefore, we can write

1
4 Tr~K” ReS!5h01h1k21h2k41••• . ~C1!

1
4 Tr~u” ReS!5g01g1k21g2k41••• , ~C2!

wherehi andgi are functions ofv. Substitution of the above
expressions into Eq.~38! and ~39! gives

a5
1

k2
~h02vg0!1~h12vg1!1O~k2!, ~C3!
3-7
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b52
v

k2
~h02vg0!1~2vh11v2g12g0!1O~k2!. ~C4!

For the form factorsa andb to remain analytic atk50, the
relation

h05vg0 ~C5!

must hold. We now put Eqs.~C3! and ~C4!, subject to the
constraint~C5!, in the dispersion relation~6!. Then we use
the fact that for any smallk, the solution

v5M1v1k1v2k21••• , ~C6!

where M and v i are constants, must satisfy the dispers
relation. We also expandhi and gi in k by first doing a
Taylor expansion of them aroundv5M as functions ofv,
and then putting Eq.~C6!. Thus

hi~v!5hi~M !1hi8~M !v1k1O~k2! ~C7!

with a similar equation forgi . The equation that now result
from the dispersion relation~6! has a series in powers ofk
alone on the LHS. Equating the coefficient of each powe
k separately to zero will determine the constantsM andv i of
Eq. ~C6!. Thus, equating the constant term to zero gives

M5g0~M !. ~C8!

Multiplying both sides byM, we make use of

h0~M !5Mg0~M ! ~C9!

@which follows from Eq.~C5!# to finally arrive at

M25h0~M !. ~C10!

This is the formula~49!. One can alternatively use Eq.~C8!
as the formula for the effective mass and end up with
same results.

APPENDIX D: THERMAL CONTRIBUTION
TO THE EQUATION FOR THE EFFECTIVE MASS

AT HIGH TEMPERATURE

In this appendix we arrive at Eq.~62!, which expresses
the highT contribution to the equation for the effective mas
by explicit calculation of the expressions~53!, ~54!, ~56!,
~57!, and~58!.

We begin with MFG8
2, given by Eq.~53!. After the p0

integration is carried out, the integrand is a function ofupW u
alone. Then integrating over the angles trivially, we are
with a one-dimensional integral. On rearrangement and
of the identity

f B~p!2 f F~p!52 f B~2p!, ~D1!

we get
04502
n

f

e

,

t
se

MFG8
25

e2

2p2E0

`

dp p@ f B~p!1 f F~p!#

2
e2M2

4p2 E0

`

dp p fB~p!Re
1

p22M22 i e
. ~D2!

Here and elsewhere in this appendix,f F(p) and f B(p) de-
note Eqs.~21! and ~25! with up•uu replaced byp. Now the
first part of Eq.~D2! can be evaluated exactly by using

E
0

`

dp p fB~p!5
p2T2

6
, ~D3!

E
0

`

dp p fF~p!5
p2T2

12
. ~D4!

The second part of Eq.~D2! involves the integral

I[E
0

`

dp p
1

ep/T21
Pr

1

p22M2
~D5!

5E
0

`

dx x
1

ex21
Pr

1

x22~M /T!2
. ~D6!

Here Pr denotes the principal value. The functional dep
dence ofI on T/M was determined on a computer for larg
T/M , yielding

I'2
1

2
ln

T

M
. ~D7!

Note that this logarithmic behavior is in accord with the U
behavior of Eq.~D5! without the distribution function. Thus
at highT

MFG8
25e2S T2

8
1

M2

8p2
ln

T

M D ~D8!

neglecting terms independent ofT.
Next we turn toM j,F8 2, given by Eq.~54!. Integrating over

p0 and the angles, we are led to

M j,F8 25
je2M2

8p2 E
0

`

dp p fF~p!Re
1

p22
M2

4
2

i e

2

1
je2M4

32p2 E0

`

dp p fF~p!Re
1

S p22
M2

4
2

i e

2 D 2 .

~D9!

Moving on toM j,B8 2, integration over the angles in Eqs.~56!,
~57!, and~58! lead to
3-8
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M j,B(I)8 252
je2M2

8p2 E
0

`

dp p fB~p!Re
1

p22
M2

4
2

i e

2

, ~D10!

M j,B(II)8 252
je2M4

32p2 E0

`

dp p fB~p!Re
1

S p22
M2

4
2

i e

2 D 2 ,

~D11!

M j,B(III)8 252
je2M2b

8p2 E
0

`

dp p2
ebp

~ebp21!2
Re

1

p22
M2

4
2

i e

2

.

~D12!

Using the identity~D1! we then arrive at

M j,F8 21M j,B(I)8 21M j,B(II)8 2

52
je2M2

4p2 E
0

`

dp p fB~p!Re
1

p22M222i e

2
je2M4

4p2 E
0

`

dp p fB~p!Re
1

~p22M222i e!2
.

~D13!

While the first part again involves Eq.~D5!, the second part
being ill-defined, is regularized in a way similar to Eq.~31!:

E
0

`

dp p fB~p!Re
1

~p22M222i e!2

5 lim
l→M

]

]l2E0

`

dp p fB~p!Re
1

p22l222i e
. ~D14!

The integral on the RHS of Eq.~D14! is similar to I in Eq.
~D5! and equals2 1

2 ln(T/l) for high T. So the second part o
Eq. ~D13! equals2je2M2/16p2 which can be neglected a
it is independent ofT. Thus we are left with the first part o
Eq. ~D13!, so that

M j,F8 21M j,B(I)8 21M j,B(II)8 25
je2M2

8p2
ln

T

M
. ~D15!

In M j,B(III)8 2, we encounter the integral

J[
1

TE0

`

dp p2
ep/T

~ep/T21!2
Pr

1

p22M1
2

, ~D16!

where M15M /2. ConvertingJ into a function of T/M1
alone@as we did in the case ofI in Eq. ~D6!#, the functional
dependence was found out for largeT/M1 using a computer,
which gaveJ'2 1

2 . This constancy again agrees with th
expectation from the argument involving the UV behavi
Alternatively one can note that
04502
.

J5T
]

]TE0

`

dp p
1

ep/T21
Pr

1

p22M1
2

. ~D17!

Then using our knowledge ofI @see Eqs.~D5! and~D7!#, we
obtainJ'2 1

2 at largeT. ThusM j,B(III)8 2 equalsje2M2/16p2

and can be neglected.
Therefore in the high-T limit, M 82 receives contribution

from Eqs.~D8! and ~D15!, thereby leading us to Eq.~62!.

APPENDIX E: TERMS CORRECTING THE USUAL
DISPERSION RELATION: ESTIMATION AT kÄ0

In this appendix, we estimate the correction to Eq.~63!
for the effective mass due to the terms in Eq.~17! correcting
the usual dispersion relation~15!.

Since vR5M at k50, the dispersion relation~17! at k
50 is given by

f R~v5M , k50!1
g0

2

]

]M
f I~M ,0!2

g0
2

8

]2

]M2
f R~M ,0!50,

~E1!

where, from Eq.~16!,

g0[g~k50!52F ]

]M
f R~M ,0!G21

f I~M ,0!. ~E2!

Now from Eq.~9! and ~10!,

f R~M ,0!5M1MaR~M ,0!1bR~M ,0!, ~E3!

f I~M ,0!5MaI~M ,0!1bI~M ,0!. ~E4!

To leading order inT, MaR(M ,0) andbR(M ,0) aree2T2/M
apart from constant factors, as was explained in Appendi
~we shall putM5M0 when we estimate the expressions w
are interested in!. Next there are a number of possible su
leading terms. But we have already worked them out si
Eq. ~63! is just the equationf R(M ,0)50 multiplied by M
@see below Eq.~C8!#. Thus

f R~M ,0!5M2
e2T2

8M
2e2~11j!

M

8p2
ln

T

s
. ~E5!

@We would have obtained just this expression equated to z
in place of Eq.~63! if we used Eq.~C8! in place of Eq.
~C10!.#

At high temperature ImS goes likeT. One way of seeing
this, which suffices for our purpose, is as follows. ImS is
given by @7,8#

Im S~K !5@122 f F~K !#21 Im S11~K !. ~E6!

For T@v, T@k, and v22k2.0 it can be argued in the
Feynman gauge that ImS118 is of order v or k, since the
integration involved is over two-body phase space@19#.
Therefore in such a case ImS11 is independent ofT at lead-
ing order. Also for v.0 and T@v, @122 f F(K)#21

'2T/v. Clearly, then, for our case (v5M , k50, T@M ),
3-9
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Im S goes likeT. We assume this leading order behavior
hold in a general gauge, from considerations of gauge in
pendence.

It follows that to leading order inT, MaI(M ,0) and
bI(M ,0) aree2T apart from constant factors~no extra factor
of M required to match dimensions!. Hence

f I~M ,0!5d1e2T1d2e2 M S ln
T

M D l

, ~E7!

whered1, d2 are constants andl is a positive integer~there is
no s, as ImST50 is finite and not renormalized!. Terms
independent ofT have been dropped in Eq.~E7!, just as in
Eq. ~E5!. From the considerations of the previous paragra
it easily follows that a subleading ln(T/M) term cannot in fact
arise in ImS in the Feynman gauge, but one cannot rule
out in a general gauge.

Now we shall putM5M05eT/A8, the leading order
value. Using Eqs.~E5! and ~E7!, we then get
t
. C
rs

o

04502
e-

,

t

g05d1e2 T1••• ~E8!

from Eq. ~E2!, and also

]

]M
f I~M ,0!5d2e2S ln

1

eD l

1•••, ~E9!

]2

]M2
f R~M ,0!52

4A2

eT
1•••, ~E10!

where the ellipsis in each equation indicates terms neglig
in comparison fore→0. Finally estimating the correction
terms in Eq.~E1!, we find that on the LHS of Eq.~E1!, the
second term;e4

„ln(1/e)…lT while the third term;e3T.
Since theT independent terms dropped in Eq.~E5! are
;e2M;e3T, we are clearly justified in neglecting the se
ond and third terms on the LHS of Eq.~E1!, as we did in
Sec. VI.
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